We make a systematic investigation on the two-body nonleptonic decays B c → J/Ψ(η c ), M by employing the perturbative QCD approach based on k T factorization, where M is a light pseudoscalar (P) or vector (V) or a heavy charmed meson. We predict the branching ratios and direct CP asymmetries of these B c decays and also the transverse polarization fractions of B c → J/ΨV, J/ψD * (s) decays. It is found that these decays have a large branching ratios of the order of 10 −4 ∼ 10 −2 and could be mea- 
meson decays via the weak interaction. Furthermore, the B c meson has a sufficiently large mass, thus each of the two heavy quark can decay individually. Therefore, resulting in its much shorter lifetime than other b-flavored mesons [15] , pointing to the important role of the c quark in B c decays. It has rich decay channels, and provides a very good place to study nonleptonic weak decays of heavy mesons, to test the standard model and to search for any new physics signals [16] .
Theoretically, many hadronic B c decay modes have been studied by various theoretical approaches. The perturbative QCD approach (pQCD) [17] is one of the recently developed theoretical tools based on QCD to deal with the nonleptonic B decays. Utilizing the k T factorization instead of collinear factorization, this approach is free of end-point singularity. Thus the Feynman diagrams, including factorizable, nonfactorizable, and annihilation type, are all calculable. Up to now, the pure annihilation type of charmless B c → P P, P V, V V, AV, AA, SP, SV decays [18] [19] [20] [21] [22] [23] 
(s) ) [24] [25] [26] [27] [28] have been studied systematically in the pQCD approach, where the term P, V, A, S, T refers to the pesudoscalar, vector, axial-vector, scalar and tensor charmless mesons, respectively.
In the present paper, we extend our pQCD analysis to the S-wave ground state charmonium decays of B c meson. The B c → J/ψ(η c )π [29] , B c → J/ψK [30] decays have been studied in pQCD, compared to which the new ingredients of this work are: (1) we updated the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements and some input hadronic parameters according to the Particle Data Group 2012 [31] ; (2) 
(s) ) are investigated. In additon, a comprehensive study of these processes, which have been undertaken in the QCD coupling [33] , the relativistic quark model (RQM) [34] , the covariant light-front quark model (LFQM) [35] and so on, is still lacking in pQCD. Our aim is to fill in this gap and provide a ready reference to the existing and forthcoming experiments to compare their data with the predictions in the pQCD approach. It will be shown that the obtained ratios of the branching ratios and polarization fractions are all in consistency with the existing data.
It is well known that the B c meson is a nonrelativistic heavy quarkonium system. Thus, both theb quark and c quark in the B c meson are at rest and nonrelativistic.
Since the charm quark in the final-state charmonium is almost at collinear state, a hard gluon is needed to transfer large momentum to the spectator charm quark. In the leading order of m c /m Bc ∼ 0.2 expansion, the factorization theorem is applicable to the B c system similar to the situation of the B meson [23] . For the decays with a heavy charmonium and a light meson in the final states, since the emitted meson is a light meson, the factorization could be proved in the soft-collinear effective theory (SCET) to all orders of the strong coupling constant in the heavy quark limit [35, 36] .
For the decays with a heavy charmonium and a charm meson in the final states, both the charmonium and charm meson can emit from the weak vertex, which is similar to the double charm decays of B c meson [27] . The proof of factorization here is thus trivial. In fact, this type of process in B meson decays have been studied in the pQCD approach successfully [37] .
Our paper is organized as follows: We review the pQCD factorization approach and then perform the perturbative calculations for these considered decay channels in Sec.II. The numerical results and discussions on the observables are given in Sec.III. The final section is devoted to our conclusions. Some details of related functions and the decay amplitudes are given in the Appendix.
II. FRAMEWORK AND WAVE FUNCTION
At the quark level, the considered processes are characterized by theb →cqq ′ transition, with q = u, c andq ′ =d,s. In the rest frame of B c meson, the spectator c quark is almost at rest due to the heavy mass. Therefore, a hard gluon is then needed to transform the c quark into a collinear object in the final charmonium or charmed meson. This makes the perturbative calculations into a six-quark interaction. However, the endpoint singularity appears in dealing with the meson distribution amplitudes at the endpoint. Usually, we pick back the parton transverse momentum k T to kill this divergence. In the pQCD approach, the decay amplitude can be written as the following factorizing formula [38] ,
where C(t) are the corresponding Wilson coefficients of the four quark operator which results from the radiative corrections at short distance. The Sudakov evolution exp[−s(P, b)] [39] are from the resummation of double logarithms ln 2 (P b),
with P denoting the dominant light-cone component of meson momentum. b is the conjugate variable of the quark transverse momentum k T . γ q = −α s /π is the quark anomalous dimension in axial gauge. t is chosen as the largest energy scale in the hard part, to kill the largest logarithm. All non-perturbative components are organized in the form of hadron wave functions Φ(x), which are universal for all channels and can be extracted from experimental data or other non-perturbative methods. Since non-perturbative dynamics has been factored out, one can evaluate all possible Feynman diagrams for the hard subamplitude H(x, t) straightforwardly, which include both traditional factorizable and so-called "non-factorizable" contributions. Factorizable and non-factorizable annihilation type diagrams are also calculable without endpoint singularity.
The meson wave function, which describes hadronization of the quark and antiquark inside the meson, is independent of the specific processes. Using the wave functions determined from other well-measured processes, one can make quantitative predictions here. For the B c system, similar to the situation of B meson, we only consider one of the dominant Lorentz structures and neglect another contribution in our calculation [40] . In the nonrelativistic limit, we use the same distribution amplitude for B c meson as those used in Refs. [26] [27] [28] 
in which the last exponent term represents the k T distribution. The shape parameter ω B = 0.60±0.05 GeV has been adopted in our previous analyses of the double charm decays of B c meson [27] .
The two-particle light-cone distribution amplitudes of
with the normalization conditions:
where we have assumed
. Note that equations of motion do not relate
and φ
. We use the following relations derived from HQET [42] to determine
The distribution amplitude φ
is taken as [43] 
We 
respectively. ψ L , ψ T and ψ v denote for the twist-2 distribution amplitudes, while ψ t , ψ V and ψ s for the twist-3 distribution amplitudes. x represents the momentum fraction of the charm quark inside the charmonium. In order to include the intrinsic b dependence for the J/ψ(η c ) meson wave function, we adopt the same model as [29] . For the light vector and pseudoscalar mesons, we adopt the same form as [26] and one is referred to the original literatures [46] .
The effective Hamiltonian for these modes can be written as
with V * cb and V ud(s) the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements, C 1,2 (µ) the perturbatively calculable Wilson coefficients, and O 1,2 (µ) the effective fourquark operators, their expressions are The total decay amplitude for the B c → (J/ψ, η c )(P, V ) can be given by
Note that the B c → J/ψV decays contain more amplitudes associated with three different polarizations, one longitudinal and two transverse for the two vector mesons, are possible. The amplitude can be decomposed as
where ǫ B.
The effective Hamiltonian for the flavor-changing b → q ′ transition is given by (12) with q ′ = d, s. The functions Q i (i = 1, 2, ..., 10) are the local four-quark operators:
1. tree operators
2. QCD penguin operators
3. electroweak penguin operators the quarks in the same meson, and nonfactorizable diagrams, where hard gluon attaches the quarks in two different mesons. We also show the calculated formulas of each diagram for different channels in the Appendix A. The total decay amplitude for decay is given as 
III. NUMERICAL RESULTS
We now use the method previously illustrated to estimate the physical observables (such as transiton form factors, branching ratios, transverse polarization fractions and direct CP violations) of the considered B c decays. For numerical calculation, some input parameters needed in the pQCD calculation are listed in Table I, while the input wave functions and various parameters of the light vector and pseudoscalar mesons are shown in the corresponding paper [26] . If not specified explicitly, we will take their central values as the default input. 
The diagrams (a) and (b) in Fig.1 give the contribution for B c → η c , J/ψ transition form factor at the maximally recoiling point (q 2 = 0). Our predictions of the form factors are collected in Table II compared with the results from other models.
The first kind of uncertainties is from the uncertainty in the hadronic parameters:
ω B = 0.60 ± 0.05 [27] for B c meson and ω = 0.60 ± 0.1 [29] for J/ψ(η c ) meson, while the second kind of uncertainties is from those in decay constants of the B c meson and the charmonium meson, which are given in Table I . We find both A (s) in our previous study [27] under the perturbative QCD approach. As it is well known, compared with D meson, the J/ψ(η c ) meson is heavyer, and its velocity is lower in the rest frame of the B c meson. The overlap between the initial and final states wave functions becomes larger, which certainly induces larger form factors.
The B c → J/ψ, η c transition form factors have been widely studied in many theoretical frameworks, which are also collected in Table. II. Most of our results are found to be comparable to those of [29, [47] [48] [49] [50] [51] , whereas the form factor A Bc→J/ψ 0 in Ref. [50] are typically smaller, which can be discriminated by the future LHC experiments. 
B. Branching ratios
The branching ratios in the B c meson rest frame can be written as
where the decay amplitudes A have been given explicitly in Appendix A for each channel. Our numerical results of branching ratios for B c → (J/ψ, η c )(P, V ) and
(s) decays are listed in Table III and Table IV , respectively. The first two errors are the same as that for form factors in Table II, while the third error arises from the hard scale t varying from 0.75t to 1.25t, which characterizing the size of next-to-leading order (NLO) QCD contributions. We can see the branching ratios are sensitive to the choice of the hadronic parameters ω B and ω, the combined uncertainties from them are about 20%. In addtion, the uncertainties from the decay constants except for f ηc are small. However, for
(s) decays, the uncertainties from the hard scale t is large as shown in Table IV , that means the next-to-leading order contributions may be important for this decay mode. The similar situation also exist in B c → BP, BV [52] and B → (J/ψ, η c )D ( * ) [37] decays.
In a recent paper [33] For comparison, we also cite other theoretical results [33, 34, [53] [54] [55] [56] [57] [58] [59] for the considered decays in Tables III and IV . In general, the results of the various model calculations are of the same order of magnitude for most channels. In exception are the re-sults of [53] in Table IV which are considerably smaller than our results, and smaller than the results of the other model calculations. For
decays, our predicted branching ratios are comparable with [33] except for the processes B c → J/ψρ, J/ψK * . Because of the involved contributions of transverse polarization amplitudes, our branching ratios are larger than those in [33] , whose transverse contribution is negligible. Since the charmonium decays dominate to the b → c, u induced B c decays, summing up all the branching ratios in Tables III and   IV one obtain a total branching ratio of 10% which has to be compared with the Table I , the expected ratio is 0.080, which is very close to our prediction 0.081. It means that the dominant contributions to the branching ratios come from the factorizable topology, while the nonfactorizable contribution is suppressed by the Wilson coefficient C 1 (see eq.10).
Recently, the LHCb Collaboration has measured this ratio to be 0.069±0.019±0.005
which is compatible with our pQCD prediction. For B c → η c π, η c K decays, our
079, which will be tested by the forthcoming experiments.
Due to m J/ψ > m ηc and the orbital angular momentum of the final states J/ψM are large than that of η c M , the phase space for B c → J/ψM decay is tighter than that for B c → η c M decay. Therefore, with the same input, the branching ratios for B c → J/ψM and B c → η c M decays have the following hierarchy
However, for B c → J/ψD * (s) decays, the transverse polarization amplitude contributes to the branching ratio as large as the longitudinal polarization amplitude, which spoils the hierarchy relation in eq.18. 
which is consistent with our predictions,
C. Transverse polarization fractions
For the B c decays to two vector mesons, the decay amplitudes A are defined in the helicity basis
where the helicity amplitudes A i have the following relationships with A
We also calculate the transverse polarization fractions R T of the B c → J/ψ(ρ, K * , D * (s) ) decays, with the definition given by
According to the power counting rules in the factorization assumption, the longitudinal polarization dominates the decay ratios and the transverse polarizations are suppressed [62] due to the helicity flips of the quark in the final state hadrons. Our predictions for the transverse polarization fractions of the tree-dominated B c → J/ψV decays are given in Table V . These results have the following pattern
It can be simply understood by means of kinematics in the heavy-quark limit. The ) is chirally enhanced in pQCD approach [64] . Thirdly, the transverse polarization of the non-factorizable colorsuppressed diagrams in Fig. 3 (c) and 3(d) does not encounter helicity flip suppression [27] . The combined effect above enhance the transverse polarization fractions of the B c → J/ψD * (s) decays. Therefore, the above predictions on the transverse polarization fractions are reasonable in pQCD framework and comparable with the relativistic independent quark model (RIQM) [56] . The measurement of polarization fraction for B c → J/ψD * s decay by the LHCb measurement [11] is
which is in good agreement with our result. While other predictions can be tested by the future data. 
whereĀ is the charge conjugate decay amplitude of A, which can be obtained by conjugating the CKM elements in A. The direct CP asymmetry are tabulated in Table VI compared with the results from the Salpeter method [59] . Unlike the branching ratios, the direct CP asymmetry is not sensitive to the wave function parameters and CKM factors, since these parameter dependence canceled out in Eq.
26. In addition, the CKM angles (γ) uncertainty is quite small (∼ 1%). Therefore, the theoretical error here is only referred to as the hard scale t. However, the penguin amplitudes are still suppressed by the small Wilson coefficients from penguin operators in both of the two types mode, our predictions on direct CP asymmetries are typically smaller in magnitude than [59] . From Tables IV and   VI , it is easy to see that the decays B c ⇀ η c D, J/ψD ( * ) are helpful to test the CP violating effects due to their large branching ratios and CP asymmetry.
IV. CONCLUSION
In the pQCD framwork, we have performed a systematic analysis of the two-body nonleptonic decays of B c meson with the final states involving one J/ψ(η c ) meson.
Besides the color-favored emission diagrams, the nonfactorizable diagrams and the annihilation diagrams can also be evaluated in this approach. It is found that the predicted branching ratios range from 10 can explain the data perfectly. We also have compared our results with the results of other studies. In general the results of the various model calculations are of the same order of magnitude while they can differ by factors of ten for specific decay modes. In B c decaying into one charmonium and one charmed meson process, the CP violation arises from the interference between the tree diagrams and the penguin diagrams. We found the direct CP asymmetrys of B c ⇀ η c D, J/ψD ( * ) decays are somewhat large since the penguin diagrams contributions are enhanced by the CKM factor, which are helpful to test the CP violating effects. We also find that the transverse polarization contributions in B c → J/ψD * , J/ψD * s decays, which mainly come from the factorizable color-favored diagrams, the non-factorizable color-suppressed diagrams and the chirally enhanced annihilation diagrams, are large.
We also discussed theoretical uncertainties arising from the hadronic parameters, decay constants and hard scale. The errors in Table III are dominant by the uncertainties from the hadronic parameters, while in Table IV, The decay amplitude of factorizable diagrams in Fig.1(a) and (b) is The Formula for nonfactorizable in diagrams Fig.1(c) and (d) is
where
The corresponding formula for B c → η c π, η c K are similar to eq.A1 and eq.A2, but with the replacement
2. factorization formulas for B c → J/ψρ, J/ψK * We mark L, N and T to denote the contributions from longitudinal polarization, normal polarization and transverse polarization, respectively.
2 )
where the expression of β a,b,c,d and α e are the similar to that of eq. A3, but with the replacement r ηc → r J/ψ . For B c → J/ψπ, J/ψK decays, only the longitudinal polarization of J/ψ will contribute. We can obtain their amplitudes from the longitudinal polarization amplitudes for the B c → J/ψρ, J/ψK * decays with the
We mark LL, LR, and SP to denote the contributions from (V − A) ⊗ (V − A), (V − A) ⊗ (V + A) and (S − P ) ⊗ (S + P ) operators, respectively.
(A21)
factorization formulas for
where the expression of β and α are the same with that of eq. A21.
where the expression of β a,b,c,d and α e are the similar to that of eq. A21, but with the replacement r ηc → r J/ψ . 2 ) 
B c → J/ΨD * (s) F LL,L f = 2 2 3(1 − r 2 J/ψ ) πM 4 f B C f f D 1 0 dx 2 ∞ 0 b 1 b 2 db 1 db 2 exp(− ω 2 B b 2 1 2 ) {[ψ L (x 2 , b 2 ) r 2 J/ψ − 1 (2r b − x 2 ) + r J/ψ ψ t (x 2 , b 2 ) (r b − 2x 2 )] E ab (t a )h(α e , β a , b 1 , b 2 )S t (x 2 )] −[ψ L (x 2 , b 2 ) r c + r 2 ψ ]E ab (t b )h(α e , β b , b 2 , b 1 )S t (x 1 )]}, (A43) M LL,L f = 8πM 4 f B C f 3 (1 − r 2 J/ψ ) 1 0 dx 2 dx 3 ∞ 0 b 1 b 3 db 1 db 3 φ D (x 3 , b 3 ) exp(−ω 2 B b 2 1 2 ) × {[r J/ψ ψ t (x 2 , b 1 ) (r c + x 2 − 1) − ψ L (x 2 , b 1 ) (x 2 − 2x 3 ) r 2 J/ψ + x 3 ] E cd (t c )h(β c , α e , b 3 , b 1 ) − [ψ L (x 2 , b 1 ) r c − (x 2 + 2x 3 − 2) r 2 J/ψ + x 2 + x 3 − 2 −r J/ψ ψ t (x 2 , b 1 ) (r c + x 2 − 1)]E cd (t d )h(β d , α e , b 3 , b 1 )}, (A44) F LL,L a = − 8πM 4 f B C f 1 − r 2 J/ψ 1 0 dx 2 dx 3 ∞ 0 b 2 b 3 db 2 db 3 φ D (x 3 , b 3 )ψ L (x 2 , b 2 ) {[ (2x 3 − 1) r 2 J/ψ − x 3 + 1 ]E ef (t e )h(α a , β e , b 2 , b 3 ) −x 2 1 − r 2 J/ψ E ef (t f )h(α a , β f , b 3 , b 2 )}, (A45) M LL,L a = 8πM 4 f B C f 3 1 − r 2 J/ψ 1 0 dx 2 dx 3 ∞ 0 b 1 b 2 db 1 db 2 φ D (x 3 ,b{x 2 E gh (t g )h(β g , α a , b 1 , b 2 ) − (x 2 − 1)E gh (t h )h(β h , α a , b 1 , b 2 )}.(A60)
